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It is an old idea to realize Einstein’s equations as a thermodynamical equation of state. Since then,
there has been new conjectures to understand gravity from another point of view. In this way we
can accept that the gravitational field is not an underlying one like an emergent force from other
approaches based on the knowledge of relativity, quantum and black holes thermodynamics, and
different statistical formalisms. One important question concerning this gravity/thermostatistics
correspondence is whether the holographic screen could be well defined for a nonrelativistic case of
a source mass. Hence, to understand the actual role of the holographic screen is a very relevant
issue. In this letter we have analyzed the entropy as a function of the holographic screen in some
different scenarios. We have disclosed modified Newtonian dynamics (MOND) from Verlinde’s ideas.
Besides, we have calculated some cosmological elements using the same ideas. The results obtained
using MOND will guide us to obtain other cosmological results.
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One of the main challenges of modern theoreti-
cal physics is to unify the concepts of quantum me-
chanics and gravitation. In the literature, it was
questioned if this difficulty is caused by the fact
that we are really trying to quantize an effective
theory. Another question would be if gravity is
not an underlying force. In its defense we can say
that general relativity is an exact theory that de-
scribes the dynamics of the objects that comprise
our Universe. Recently, the detection of gravita-
tional waves by LIGO collaboration [1] corrobo-
rates the predictions of general relativity. But, in
spite of its success, the question about its funda-
mentability is still on.
There are some theoretical evidences that show
the thermodynamical feature of gravity. As exam-
ples we have the works of J. D. Bekenstein and
S. W. Hawking [2, 3] in which the authors con-
nect the laws of black holes to the ones of ther-
modynamics concerning the creation of particles
by a gravitational field. Or the obtention of Ein-
stein’s equations from entropy proposed by Jacob-
son [4], where he proposed that gravitation must
be an effective theory. Besides, we can mention
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the works of van Raamsdonk et al [5] where the
Einstein equations can be derived from the en-
tanglement’s laws. Jacobson established the con-
nection between entropy in [4], where he derived
the Einstein’s equations. He used Clausius rela-
tion δE = T δS and the concept that the matter
present can be considered as a part of energy.
At the quantum level, we can understand the
spacetime geometry as the entanglement struc-
ture of the microscopic quantum state, from where
gravity emerges depicting the change in entan-
glement resulting from matter. Namely, gravity
emerges from the viewpoint of quantum informa-
tion. The better way to understand these new
ideas is to consider an anti-de Sitter space, where
the description of a dual CFT permits one to ob-
tain the microscopic entanglement in a well con-
structed setting [6].
Recently, the work of E. Verlinde [7] has derived
Newton’s law of gravity by using holographic argu-
ments. He has used Bekenstein-Hawking entropy-
area relation for black holes. Verlinde suggested
that gravity is an entropy manifestation. The grav-
itational force results from changes of information
entropy which would be stored in an holographic
sphere. Verlinde considered entropy as the infor-
mation relative to the position of material bodies
around a point mass M at a distance R. Besides,
all points at this distance are useful to define a
sphere S embedded in a D = 3 space. To sum up,
when we change the bits of information that are
2localized on the surface, a force appears as a reac-
tion to that change. It will be shown in equation
(12) below.
The formalism of modified Newtonian dynamics
(MOND) was constructed by M. Milgrom [8], to
explain the observed general properties of galax-
ies such as the velocities of stars in galaxies. The
observed values are larger than the expected ones
calculated using Newtonian mechanics. In MOND,
for extremely small acceleration, we would have a
violation of Newton’s laws. These small acceler-
ations are a characteristic property of these ob-
jects that dwell far from our solar system. How-
ever, a cosmological model based on MOND’s con-
cepts has not yet been constructed. In this work
we have used Verlinde’s ideas embedded in Tsallis
nonextensive statistics to derive MOND’s concepts
among other results.
Tsallis’ statistics [9], which is an extension of
Boltzman-Gibbs’s (BG) statistical theory, defines
a nonadditive entropy as
Sq = kB
1−
∑W
i=1 p
q
i
q − 1
( W∑
i=1
pi = 1
)
, (1)
where pi is the probability of a system to exist
within a microstate,W is the total number of con-
figurations and q, known in the current literature
as being the Tsallis parameter or NE parameter,
is a real parameter which measures the degree of
nonextensivity and takes different values for each
system. The definition of entropy in Tsallis statis-
tics carries the standard properties of positivity,
equiprobability, concavity and irreversibility. This
approach has been successfully used in many differ-
ent physical system. For instance, we can mention
the Levy-type anomalous diffusion [10], turbulence
in a pure-electron plasma [11] and gravitational
systems [12]. It is noteworthy to affirm that Tsal-
lis thermostatistics formalism has the BG statistics
as a particular case in the limit q → 1 where the
standard additivity of entropy can be recovered.
In the microcanonical ensemble, where all the
states have the same probability, Tsallis entropy
reduces to [13]
Sq = kB
W 1−q − 1
1− q , (2)
where, at the limit q → 1, we can recover the usual
Boltzmann entropy formula, S = kB lnW .
To begin our work, let us consider a number of
microstates W , scaling like a volume in the sce-
nario of Tsallis’ entropy, so that W can be written
as in [14] such that
W = b
(
A
l2p
) 3
2
, (3)
where b is a dimensionless constant, A is the area
of the holographic screen and lp is the Planck’s
length in the nonextensive entropy, Eq. (2). The
term in Eq. (3) was calculated through LQG con-
siderations at [15] as a correction for the entropy.
Eq. (3) is the volume conrrection to the area law,
which is also motivated by a model for the mi-
croscopic degrees encompassing the black hole en-
tropy in LQG. Concerning our work specifically,
the important feature is that this term originates
the 1/R correction term to Newton’s laws in Mod-
ified Newton’s Dynamics (MOND) as an explana-
tion for the registered anomalous galactic rotation
curves. This idea is the bridge that allows us to use
Tsallis nonextensive statistics. It can be clearer
soon.
The objective here is to use Eq. (3) in the def-
inition of entropy in Eq. (2) and to analyze the
effect of q-parameter and its cosmological effects.
Notice that for q = 0 we recover the volume cor-
rection term to Newton’s laws, which confirms the
coherence to take the volume term to generalize
the number opf microstates W , in the particular
case of Tsallis entropy.
To begin with, let us review that Verlinde [7]
has stated that the entropy ∆S of an holographic
screen connected to a test particle of mass m mov-
ing by a distance ∆x orthogonal to the screen can
be written as
∆S = 2pikB
mc
~
∆x ,
which shows that the entropy gained is propor-
tional to the information loss of the test particle,
where λm = ~/mc is the Compton wavelength and
we can write ∆S = 2pikB∆x/λm. The general ex-
pression of the force which is governed by the usual
thermodynamic equation is
F = T
∆S
∆x
= T
dS
dA
∆A
∆x
, (4)
where A = 4piR2 is the area of the holographic
screen. Suppose we have two masses, one is a test
mass m and the other, M , considered as a source.
The holographic screen will be centered around the
source mass M . The energy of the holographic
screen is given by
E =Mc2 . (5)
3We will use that the bits of information scale pro-
portionally to the area of holographic screen as [14]
A = QN , (6)
where N is the number of bits and the constant Q,
the fundamental charge [14], will be determined
later. The total energy of the bits on the screen is
given by the equipartition law of energy
E =
1
2
NkBT . (7)
When the test mass m is at a distance
∆x = ηλm , (8)
away from the holographic surface S, the entropy
of the surface modifies by one fundamental unit
∆S fixed by the discrete spectrum of the area of
the surface, where λm = ~/mc is the Compton
wavelength. And the entropy gradient points radi-
ally from the outside of the surface to the inside,
as can be seen from
∆S =
∂S
∂A
∆A . (9)
Then, from Eq. (6) we have that
∆A = Q , (10)
where it was assumed that ∆N = 1. Combining
Eqs. (5)-(8) and (10), we have that
F =
GMm
kBr2
Q2
2piηl2p
dS
dA
. (11)
Defining conveniently that Q2 = 8 pi η l4p, we can
write that
F =
GMm
r2
4
l2p
kB
dS
dA
. (12)
Notice that this expression is enoughly general in
order to permit the consideration of any kind of
entropies, which is our purpose at this point. If
we use the well known particular relation from
black hole entropy S = kBA/4l
2
p, the Bekenstein-
Hawking (BH) formula, where in this case A is the
area of the event horizon, i.e., a screen that sets the
point of no return. Quanticaly speaking, a black
hole creates and emits particles as if it was a black
body with temperature T [20].
It can be shown that we can obtain the usual
Newton law of gravitation, F = GMm/r2 from
Eq. (12). Newton’s gravitational theory just states
how the law works but, however, it does not tell
us why they work.
Using (2) and (3) into (12) we obtain a modified
Newton’s law of gravitation written as
F =
GMm
r2
6b1−q
(
A
l2p
) 1−3q
2
. (13)
We can observe that when we make q = 13 in above
equation we recover the usual Newton law of grav-
itation if b = (16 )
3
2 ≈ 0.07. Substituting relation
(3) into (2) it is direct to see that
S = kB
b(1−q)
(
A
l2
p
) 3
2
(1−q)
− 1
1− q , (14)
which gives us a kind of “master expression” for
the entropy as a function of the nonextensive pa-
rameter and the b-parameter. This last one can be
adjusted conveniently as will be seen just below.
This parameter can provide us the results for the
black hole and for Verlinde’s holographic screen.
For example, using q = 13 and b = (
1
6 )
3
2 in (14) we
obtain
S = kB
A
4l2p
, (15)
which is the BH formula. Namely, in Newton’s
gravitational scenario we can have the black hole
entropy. One can think that this result connects
the thermodynamical Bekenstein-Hawking formula
for black holes with the classical Newton’s expres-
sion for gravity, which could suggest a thermody-
namical emergent gravitation. On the other hand,
Botta Cantcheff and Nogales [16] have shown that
we can derive the usual entropy of black holes by
using a volume microstates scaling law (3) and the
Tsallis’ nonextensive entropy (2).
For q = 1 (BG) scenario and same b we have
that
Fq=1 =
GMm
r2
6 l2p
kBA
, (16)
which of course is not Newton’s second law.
For q = 1/3 in (13), we recover the usual Newton
law of gravitation if b = 0.68, as we said before.
From (14), as we have said before, for q → 1 we
have the BG statistics but at the same time it is a
4divergence point, so, after calculating the limit
Sq→1 = lim
q→1
kB
b1−q
(
A
l2
p
) 3
2
(1−q)
− 1
1− q
=⇒ Sq→1 = kB ln
[
b
(
A
l2p
)3/2]
(17)
=⇒ W = b
(
A
l2p
)3/2
, (18)
which confirms the expression in (3).
which keeps the nondimensional property of b.
Now, from (14), i.e., using the entropy as the
starting point, we can compute that
dS
dA
=
3
2
kB
b1−q A
1
2
(1−3q)
(l2p)
3
2
(1−q)
. (19)
Substituting this result into Eq. (12) we have
that
F =
6GMm
r2
b1−q A
1
2
(1−3q)
(l2p)
1
2
(1−3q)
, (20)
where, in order to have the second law, we can
write that
b =
[
1
6
(l2p)
1
2
(1−3q)
A
1
2
(1−3q)
] 1
1−q
, (21)
which gives us the result q = 1/3 since b is a num-
ber, confirming the Newton’s law.
For the BG regime, q = 1, into Eq. (20) we have
Fq=1 =
GMm
r2
6
A/l2p
. (22)
where A = 4pir2. Using q = 0 in (13) we have that
F =
GMm
R2
6b
(
A
l2p
) 1
2
=
12pi
1
2 b
lp
GMm
R
, (23)
which is just the Newtonian force established by
Modified Newtonian Dynamics (MOND) approach
[8]. From the rotational movement of the galaxies
we have that v2 =
√
GMa0 and substituting this
velocity into (23) we have that
v2
R
=
12
√
pib
lp
GM
R
, (24)
hence
b =
v2lp
12
√
piGM
=
lp
12
√
a0
piGM
, (25)
which is a viable result for b. Let us analyze
other consequences of this b-value, which repro-
duces MOND, as we saw above.
From Eq. (11) we have that,
F =
GMm
kBr2
Q2
2piηl2p
dS
dA
,
which is the thermodynamical expression for the
Newtonian force. So,
mr¨H = ma¨r0 =
GMm
a2r2
4l2p
kB
dS
dA
(26)
where rH is the apparent horizon, i.e., rH = ar0,
and
=⇒ a¨ = GM
kBa2r3
4l2p
kB
dS
dA
, (27)
which, based on [21], the acceleration in Eq. (27)
results from the active gravitational mass, which
is the well known Tolman-Komar mass [22] given
by
M = (ρ+ 3p)
4pi
3
a3r3 , (28)
which is proportional to the scale function. Sub-
stituting Eq. (28) into Eq. (27) we have that
a¨
a
= −16pi
3
G(ρ+ 3p)
l2p
kB
dS
dA
, (29)
and from this last equation, by multiplying sides
of this last equation by a˙a, we have that
a˙ a¨ = − 16pi
3
d
dt
(ρ a)
l2p
kB
dS
dA
, (30)
and integrating both sides we have that
H2 +
k
a2
=
32piG
3kB
l2p
a2
∫
d(ρa2)
dS
dA
, (31)
5which is an entropic version of the Friedmann
equation and where we have used the continuity
equation
ρ˙+ 3H(ρ+ p) = 0 . (32)
So, to calculate the active mass, the TK mass,
we have to solve the differential equation in (27),
which can be written as
a¨ =
GM
a2r30
4l2p
kB
dS
dA
= 6
GM
kBa2r30
b1−q
(A
l2p
) 1
2
(1−3q)
,
(33)
where we have used Eq. (14). Hence, for A =
4pir2H = 4pia
2r20 , we have that
a¨ =
6GM
kBa1+3qr
2+3q
0
b1−q
(4pi
l2p
) 1
2
(1−3q)
, (34)
where rH is the apparent horizon, rH = 1/H . For
q = 1 (the BG limit) we have that
a¨ =
3GMl2p
2pikBa4r50
.
which is also a non-linear differential equation with
numerical solution for the scale factor. Numerical
computation is out of the scope of this letter.
Another fundamental relation in cosmology is
the continuity equation
ρ˙+ 3H(ρ+ p) = 0 , (35)
and using the state equation p = ωρ we have that
ρ˙ + 3Hρ (1 + 3ω) = 0
=⇒ ρ = ρ0
a0
a e−3(1+ω) , (36)
where ω is assumed to be constant, which means a
non-adiabatic model of DE, for example. This last
equation means that we can obtain a differential
equation for the scale factor as a function of the
equation of state and the q-parameter. Having said
that, we can obtain a master equation for the scale
factor. Let us use Eq. (34) with the solution (36)
a¨ = 8pi
G
a3q
ρ
ρ0
e−3(1+ω) b1−q
(
4pir20
l2p
) 1
2
(1−3q)
.
(37)
Hence, for q = 0 we have MOND considerations
and the scale factor is given by
a¨ = 16 pi3/2
Gr0 ρ b
lpρ0
e−3(1+ω) , (38)
for q = 1 we have the BG case, and the scale factor
is
a¨ = 2
Gρ l2p
a3 ρ0 r20
e−3(1+ω) . (39)
We have seen before that, for the BH entropy
relation we have that q = 1/3 and b = (1/6)3/2, so
a¨ =
4pi
3
Gρ
a ρ0
e−3(1+ω) , (40)
which is the equation for the scale factor for a BH
scenario.
In this letter we have explored the role of the
holographic screen under the point of view of Tsal-
lis thermostatistics. We have saw through the vol-
ume correction term of the entropy [14], which is
connected to MOND ideas, that the q-parameter
can be fixed since viable cosmological issues were
considered. We have found that the b-parameter
used in [14] can be also fixed according the physical
scenario.
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